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It  i s  shown that  inhomogeneous  MttD turbu lence  in a cold p l a s m a  man i f e s t s  i t se l f  as an inhomo-  
geneous diamagnet .  An equation desc r ib ing  the evolution of the r egu l a r  component  of  the m a g -  
net ic  f ie ld i s  der ived  and a f o rm u l a  obtained whereby  the coefficient of  turbulent  magnet ic  field 
diffusion can be  es t imated .  E s t i m a t e s  a re  made  which indicate  that  this  is  an efficient  m e c h a -  
n i sm fo r  the decay of the magne t i c  field of  a sunspot.  

It i s  well  known that  tu rbu lence  in a nongyro t rop ic  med ium causes  anomalous  diffusion of a l a r g e - s c a l e  
magne t i c  field. Diffusion coeff ic ients  a r e  obtained in [1, 2] that  d i f fer  substant ia l ly  f rom the ohmic  diffusion 
coeff icient  v i f  Rem >> 1 (Rem is  the magne t i c  Reynolds number) .  The  effect  of the magnet ic  field on t h e  
turbulent  d i s tu rbances  was  a s s u m e d  in t h e s e  p a p e r s  to be  negligible.  

In the  p r e s e n t  p a p e r  we inves t iga te  the opposi te  l imi t ing  case ,  i .e . ,  the  magne t i c  f ield is  a s sumed  to 
have  a s t rong  effect  on the turbulent  d i s tu rbances .  The  turbulent  motion,  i f  i t s  to ta l  energy  is  smal l  com-  
p a r e d  with the ene rgy  of the p l a s m a ,  can accordingly  be  r e p r e s e n t e d  as a superpos i t ion  of  Alfven and m a g -  
ne toacous t ie  waves .  It  i s  na tura l  to a s s u m e  that  L >> l ,  w h e r e  L i s  the c h a r a c t e r i s t i c  sca le  of  the inhomo-  
geneity of  the magne t i c  field, and l i s  the c h a r a c t e r i s t i c  sca le  of  the turbulence.  This  sor t  of in te rac t ion  be -  
tween tu rbu lence  and a magne t ic  f ie ld can b e  o b s e r v e d  in sunspots  and also in e x p e r i m e n t s  with l abo ra to ry  
p l a smas .  

1 .  B a s i c  E q u a t i o n s .  E q u a t i o n  f o r  t h e  M a g n e t i c  F i e l d  

We ut i l ize  the following assumpt ions :  a) the tu rbu lence  is s ta t ionary;  b)  fl << 1 (the cold p l a s m a  ap- 
p rox ima t ion ) ;  c) Rem >> 1; d) (v) = 0 (the angular  b r a c k e t s  denote an ave rage  o v e r  an e n s e m b l e ) ,  i .e . ,  
t h e r e  a r e  no m a c r o s c o p i c  mot ions  in the p l a sma .  The  f o r m  of the  spec t r a l  function of  MHD o s c i l l ~ i o n s  i s  

known [3]. 

Low-f requency  osc i l la t ions  will  then be  desc r ibed  by the following s y s t e m  of equations of  magne tohy-  
d rodynamics :  

Ov/Ot ~- (vv)v = --(l lP)vp ~- (l/4~p)[rot H, H]; (1.1) 

Op/Ot -~ div(pv) : 0; (1.2) 

OH/Ot = rot[v, HI ~-vAH, (1.3) 

whe re  p is  the density;  p i s  the  p r e s s u r e ;  v is the  veloci ty;  H i s  the magne t i c  field intensi ty;  v = c ~ / 4 ~ ;  a 
is  the conductivity;  and e is  the veloci ty  of light. 

We obtain an equation connecting the  magne t i c  f ield with the  turbulent  ve loc i ty  f ie ld  f rom (1.3). To this  
end we r e p r e s e n t  the magne t i c  f ield in the  fo rm 

H(r, t) = H R ( r ,  t) -~-HW(r, t), 

whe re  H R and H T are ,  r e spec t ive ly ,  the r e g u l a r  and turbulent  components  of  the magne t i c  field, and 

<H(r, t)> : H~(r ,  t), <lIT> = 0. 

We a v e r a g e  Eq. (1.3) o v e r  an ensemble  and obtain an equation descr ib ing  the evolution of the  r egu l a r  magne t ic  
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f ield 

aHa/Ot = rot ( [vH T ] ) + yAH a. (1.4) 

In th is  exp res s ion  the  f i r s t  t e r m  on the  r ight  side i s  unknown. We find it by uti l izing the equation for  the 
turbulent  component  

OHT/Ot = rot [vii a ] + v AH ~. (1. 5) 

The  diffusion t e r m  in (1.5) can be  neglec ted  as t D >> tF ,  w h e r e  tD is  the c h a r a c t e r i s t i c  ohmic diffusion 
t i m e  and t F  i s  the  c h a r a c t e r i s t i c  t i m e  of the  magne t i c  f ield fluctuations. The turbulent  component  of the  
magne t i c  f ield can be  r e p r e s e n t e d  in the fo rm 

f 

H T (r, t) = .f rot [v (r, tx) H R (r, tx)] dt~. (1 
0 

Inse r t ing  (1.6) into <[vii T ] > and c a r r y i n g  out the averaging,  we obtain 
t 

([vnT])-----s !'(~(Hh(r, tl)V,z(r,O,s)- (HR (r, tl)v)VJh (r,O,s)}dtx, (1.7) 

whe re  cij k is  the a n t i s y m m e t r i e  L e v i - C i v i t a  t enso r ;  Vii (R, p, s) = ( v i ( r l ,  ix )v j ,  ( r2,  h ) ) ;  R = (rl + r 2 ) / 2 ;  
p = rx - r2; s = tl - t 2 .  The co r r e l a t i on  function Vij i s  weakly dependent on R; it changes apprec iab ly  only 
when R v a r i e s  by an amount  of the o r d e r  L. The  dependence of the  flmction Vij on the  a rguments  p and s de-  
s c r i be s  the local  s t r u c t u r e  of  the  random veloc i ty  field. Since tD >> r C, where  * C i s  the  co r r e l a t i on  t ime ,  
we find the in tegra l  

J" V,~ (R, p, s) H R (R, tl) dtx~Ha (R, t) .f V*l (R, p, s) • 
O 0 

• ds = H a (R, t) Bi] (R, p,0), (1.8) 

whe re  
Btj (It, p, o~)= V,a (R, p, s)e:-~o'ds. 

Utilizing (1.8), we in t eg ra t e  (1.7) 

<ivml> = (,, 0, 0 ) ) -  (r, 0, 0)}. 

Inse r t ing  (1.9) into (1.4) g ives  an equation for  the magnet ic  field: 

= . 0 0 R 

(1.9) 

(1.10) 

2.  D e t e r m i n a t i o n  o f  C o r r e l a t i o n  T e n s o r  o f  M H D  
T u r b u l e n t  V e l o c i t y  F i e l d .  

The  ve loc i ty - f i e ld  co r r e l a t i on  t e n s o r  enter ing  into Eq. (1.10) can be  e x p r e s s e d  in t e r m s  of the spec t r a l  
t e n s o r  of  th is  f ield at zero  f requency r 

Bij (r, 0, 0 ) =  STij (r, k, O)dk, (2.1) 

where  k i s  the wave  vec tor .  We find the spec t r a l  t e n s o r  f rom the l inea r i zed  equations (1.1)-(1.3) for  a uni- 
f o r m  magne t ic  field; then, into t e r m s  containing H, we int roduce the dependence on r and obtain the quas i -  
homogeneous  spec t r a l  t e n s o r  of the ve loc i ty  field. 

We r e p r e s e n t  the density,  veloci ty ,  and magne t i c  field in the fo rm 

P = [0  -~- p(t) _~_ p(2), V ~--- V(l) -}- v{2), H ----- I'I 0 + h(l)  + hr 

where  

Po >> pr p(~), vO)>> vr Ho ~,hO)>> hr 

We obtain equations for  p a )  v~), h ~) f rom l inea r i zed  equations (1.1)-(1.3) in k-o~ space-by neglect ing 
the diffusion t e r m  in (1.3) (tD >> i F ) :  

. (1)  ( t )  t O, po-k,o - -  c,pk,~k+ ~ -  [[kh(',)o] Ha] = 0; (2.2) 

_(l) 
,opa,o - -  Po (kvli.)) = 0, (2.3) 
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(oh(k1) ~_ [k (O [~ .~H,)  = 0, (2.4) 

where  e s i s  the veloci ty  of  sound. 

Subject to the condition fl << 1 the  solution of  sy s t em (2.2)-(2.4) is  the f a m i l i a r  d i spe r s ion  re la t ion  fo r  
an Alfv~n and an a c c e l e r a t e d  magne toacous t i c  wave  [4] with the following f requencies ,  r e spec t ive ly :  

kilo 0)~ kcA, 
}f4.~po 

whe re  CA is  the Alfv~n veloci ty.  

A study of Eqs. (2.2)-(2.4) shows that  v A(1), h A(1) a r e  pe rpend icu la r  to H 0 and k and that  v M(1) is  
pe rpend icu l a r  to H0 and l ies  in the  p lane  of the v e c t o r s  k and H0. We can thus wr i t e  

ViA(i) ~ l~k,r 

v~ ' (~  = ~,,,,o (k~ - -  (k~) ~ ) ,  

w h e r e  T = H0/H0. 

Fo r  s impl ic i ty  of p re sen ta t ion  we r e s t r i c t  the  d iscuss ion to in te rac t ion  between magnetoacous t ic  waves  
and set  

T~ (k, (o) = T~ (k, c0). 

In the f i r s t  approx imat ion  the ve loc i ty  ampl i tudes  a re  independent of  t i m e  and co r r e spond  to the solution for  
ze ro  in te rac t ion  between the waves .  If  the osc i l l a t ions  a re  developed f rom random t h e r m a l  fluctuations,  the  
spec t r a l  t e n s o r  of the  ve loc i ty  field has  the following fo rm in the f i r s t  approximat ion:  

, (1) /.M(O.u(0 \ 8(k-Fk ' )8(0)-~co)Ti i  (k,~o), (2,5) 

(l) i r,~ (k, ~) = ~ ~.0 (~,~ + (k~)~ ~ m - - ( k ~ ) ( ~ m  + ~,~)} (~ (~ + ~ )  + a (~ - -  ~)), 

where  ~k0~ i s  the s p e c t r a l  function of the MHD o s c i l l ~ i o n s .  Accordingly,  the  t e n s o r  T~(~)(k, w) has  a 5 - type  
~J 

m a x i m u m  at w = �9 ~ k  and ~ ) ( k ,  ~) = 0 for  k ~ 0 and thus m a k e s  no contributionto (2.1).  The equations for  
the s econd .app rox ima t ion  co r r ec t i ons  have the fo rm 

0p(2)/Ot ~ podiv v (2) = --div ([(OvO)); 

Oh(2)/Ot - -  rot[v(2)Hol = rot[v(OhO)]. 

In the F o u r i e r  r ep re sen t a t i on  these  equations acqui re  the  fo rm 

a~p(2.) __ (2) (0 (O (2.6) 

(t) (t) w-.k,o"k(2) __ [k [v~2,%H0]] = - -  S [k[v~,,o),hk..o.]] d~., (2.7) 

w h e r e  

d)~ = ~(k - -  kl - -  k2)8(o) - -  (ol - -  o)2)dkldk2d(oldo)2. 

W e  rep lace  p(1) and h tl) by t he i r  va lues  f rom Eqs. (2.3) and (2.4) , a n d w e  mult ip ly  (2.6) by H0 and (2.7) by P0. 
We apply the  wel l -known fo rm u l a  of  v e c t o r  ana lys i s  to the second t e r m  on the left  side of  (2.7), sub t rac t  (2.6) 
f r o m  (2.7), and obtain . . . . . . . . .  

~(2) o ~ (i) v(~) [k r-~l) [k~ [v(~i.)o,H0]]]]l. (2.8) ~o t~k,~o__p(k2,) Ho)--  (2) (kHo) = {(kvk,.~,)(k~ k: ,~)Ho--  ['k~.~, ~- vk.~ ~ -  _, 

We mul t ip ly  Eq. (2.8) by v ~ ,  ,, and ave rage  o v e r  an ensemble ;  to the r ight  s ide of  the equali ty we ap-  
ply  the r andom phase  approximatioh~and obtain as a r e su l t  

~ (2) .(t) -\ |  
/)s o ~ , i | 0 ~ 0  = 0 .  

We mul t ip ly  (2.8) by the complex  conjugate and ave rage  the r ight  and left  s ides  of the equality. Four th -  
o r d e r  m o m e n t s  appea r  in the right side. We expand them with the aid of  the random phase  approximat ion and, 
having ut i l ized  (2.5), we  cons ider  the obtained exp re s s ion  for  w = 0: 

r<~>,~ o) = ~ y (i, , l  ip~])_____ ~ H _ ( l , ) , , ) ( l j  - ( l , ) , j )  ~ 0  cp 0  (~ (p+ q) + 8 ( p -  q) dq, (2.9) 

where  1 = p - - q , p  = k - q , q = k l .  
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The  ve loc i t y  f ield s p e c t r a l  t e n s o r  (2.9) has  the  fol lowing p r o p e r t i e s :  

~(~')(k. 0) 0. (-~) ~ j  . = .DTIj  (k, 0 ) = 0 .  

In the genera l  case,  an ax i symmet r i c  spec t ra l  t en so r  can be  r ep re sen t ed  in the form 

Tij = Alk~kl + A2TITi + AsSij + A4ki~ --  A~k~,  

w h e r e  A m = A m ( k ,  lcr), m = 1 , . . .  ,5.  

T h e  n u m b e r  o f  unknown funct ions  Am(k , k~), can be  r e d u c e d  wi th  the  a id  o f  (2.10): 

T~ 2) = A~klk ~ -- (A~ (kx) ~ - -  A~) v~x I ~- A a 6 t j  - -  A 1 (k~) (k(~y -- "~k~), 

and w e  find A~ and A~ f r o m  the  fol lowing s y s t e m  of  equa t ions :  

~ T ~  ) (k, 0) =/~  (k); 

Ti~(k, 0) =/~(k),  

w h e r e  
]~ (k) = ~ l  '~ " - - v  ~ ([qr~~--L'])2 (It) (k~) ~ q c ' x q  ' ~176 --  qe) dq; 

/z(k ) t t'([qrl[pvlF-~. ,2(l)qoqgpoS(p~_q~.)dq. = ' - Y J  4 q  ~,~1 , , 

Gn solv ing  s y s t e m  (2.11), (2.12), we  find 

(2.10) 

(2.11) 

(2.12) 

A~ [k'] ~ 3 c3q [ [kTJ2 . c3Aq ~ j (~)q,0(I)p,0~ ( p 2  __  q2) dq. 

We  thus  have  an expl ic i t  e x p r e s s i o n  fo r  the s p e c t r a l  t e n s o r  of  the  ve loc i ty  f ield Ti j (k  , 0) and can a c -  
co rd ing ly  i n t e g r a t e  (2.1): 

l'T~j(k,k~,0)dk ~ (5~ i --~Ti)(t/2)~ T~i(k, kT, 0)dk. 

The  q u a s i h o m o g e n e o u s  c o r r e l a t i o n  t e n s o r  o f  the  ve loc i ty  f ield can then be  wr i t t en  in the  f o r m  

B~j(r, 0, 0) = e(r, t)(61j - -  T~(r, t)~j (r, t)). 

I n s e r t i n g  (2.13) into Eq. (1.10) g ives  

OHa/Ot = --v rot rot ?'.H R, 

w h e r e  

Z = t ~-e(r, t)/v. 

(2.13) 

(2.14) 

It fol lows f r o m  (2.14) tha t  i nhomogeneous  t u rbu l ence  m a n i f e s t s  i t s e l f  as  an i nhomogeneous  d iamagnet .  
A s i m i l a r  r e su l t  w a s  ob ta ined  in [5]. Let  us suppose  that  the  t u rbu l ence  ends s o m e w h e r e ,  and tha t  in the  
reg ion  w h e r e  it ex i s t s  it i s  hom oge ne ous ,  i .e . ,  let e ( r ,  t )  = % for  r E Q and c ( r ,  t )  = u ou t s ide  the  reg ion  Q. 
The  b o u n d a r y  condi t ions  on the  m a g n e t i c  f ield wil l  then be  as fol lows:  

H R R. %H~ = vH~, 

HR H R R R w h e r e  ni, n2, H t l ,  H t  a r e  the  n o r m a l  and t angen t ia l  componen t s  of  the  m a g n e t i c  f ield at the  bounda ry ;  the  2 
index 1 r e f e r s  to the  ins ide  of  the  s u r f a c e  conta in ing  Q and the  index 2, to the  outs ide .  The  m a g n e t i c  p e r -  
m e a b i l i t y  o f  a d i amagne t  o f  th is  so r t  ~ ~ u / % ,  i .e . ,  let  # < 1 for  Re m >> 1. The  fol lowing e s t i m a t e  for  s can 
be  wr i t t en  down wi th  the  aid o f  the  r e s u l t s  o f  [6] : 

~ (t/~)(v/c.~)av~o, 

w h e r e  v is  the  ve loc i ty  ampl i tude ,  and Xo i s  the  ex te rna l  sca le  o f  the  tu rbu lence .  If  we  set  r  t )  = %, then 
the  c h a r a c t e r i s t i c  f ie ld  diffusion t i m e  is  e s t i m a t e d  b y  

t D ~  L2/4~eo ~ (L"/4~V~.o)(CA/v) 3, 

We  u t i l i ze  th i s  f o r m u l a  to e s t i m a t e  the  t i m e  r e q u i r e d  to damp the  m a g n e t i c  f ield of  a sunspot ;  v ~ 105 c m / s e c ,  
Xo ~- 6" 10 Y c m  is  the  d i m e n s i o n  of  the  g ranu le  in the  sunspot ,  and p ~ 2 �9 10 -7 g / c m  3. As is  known, the  diffusion 
t i m e  is  d e t e r m i n e d  by  the  s m a l l e s t  c h a r a c t e r i s t i c  d i m e n s i o n  of  the  sys t em.  In the  s imples t  m o d e l s  the  sun-  
spot  has  the shape  o f  a cy l inder .  We  e s t i m a t e  the  depth h of  the  sunspot  f r o m  the  condi t ion W T = WM, w h e r e  
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W T and WM are,  respect ively ,  the energies  of the turbulent motion and the magnet ic  field. Then, for H = 
1000 G, the sunspot d iameter  D ~ 5.108 cm, h ~ 1.108 cm; for  H = 2000 G, D ~9 .108  cm, h ~ 2 . 1 0  s cm. 
Finally, for  H ~ 1000 G we obtain tD ~ 8 days, and for H ~ 2000 G, tD ~ 10 days. 

These  damping t imes  do not exceed the sunspot lifetime. Accordingly,  we can assume that anomalous 
magnet ic  field damping as a resul t  of turbulence is one of the fac tors  leading to the disappearance of sun- 
spots. 

In conclusion, the author wishes to thank S. I. Vainshtein for  suggesting the problem and for his con- 
stant in teres t  in the work. 
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